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Abstract For assessing energy-related activities in the subsurface, it is important to investigate the impact
of the spatial variability and anisotropy on the geomechanical behavior of shale. The Brazilian test, an indirect
tensile-splitting method, is performed in this work, and the evolution of strain field is obtained using digital
image correlation. Experimental results show the significant impact of local heterogeneity and lamination on
the crack pattern characteristics. For numerical simulations, a phase field method is used to simulate the
brittle fracture behavior under various Brazilian test conditions. In this study, shale is assumed to consist of
two constituents including the stiff and soft layers to which the same toughness but different elastic moduli
are assigned. Microstructural heterogeneity is simplified to represent mesoscale (e.g., millimeter scale)
features such as layer orientation, thickness, volume fraction, and defects. The effect of these structural
attributes on the onset, propagation, and coalescence of cracks is explored. The simulation results show that
spatial heterogeneity and material anisotropy highly affect crack patterns and effective fracture toughness,
and the elastic contrast of two constituents significantly alters the effective toughness. However, the complex
crack patterns observed in the experiments cannot completely be accounted for by either an isotropic or
transversely isotropic effective medium approach. This implies that cracks developed in the layered system
may coalesce in complicated ways depending on the local heterogeneity, and the interaction mechanisms
between the cracks using two-constituent systems may explain the wide range of effective toughness of
shale reported in the literature.
Plain Language Summary Shale has become increasingly important for emerging energy
technology problems in the subsurface such as unconventional gas and oil recovery, geologic storage of
CO2, enhanced oil recovery, and nuclear waste disposal. In particular, geomechanical behavior of shale rocks
is important to assess crack initiation and propagation which can be important for energy-related activities
including fluid injection/extraction and fracturing. In this work, an indirect tensile test on Mancos Shale was
performed, and the evolution of the strain field and growth of the fractures were experimentally obtained
using digital imaging process. Experimental results reveal the significant impact of small features and
laminations on the characterization of crack patterns. Based on the experimental observations, numerical
modeling has been conducted to simulate fracture processes under various conditions mimicking the
experimental setup. Simulation results show that spatial heterogeneity and material anisotropy reflecting
microstructural attributes highly affect crack patterns and effective fracture toughness, and the contrast of
elasticity of the two constituents (stiff and soft materials) was sufficient to significantly alter the effective
toughness. Overall, this work provides a robust workflow to explain the wide spectrum of effective toughness
of shale reported in the literature.
1. Introduction
Subsurface energy-related activities including hydraulic fracturing and geological carbon storage are signifi-
cantly influenced by the geomechanical behavior of shale. Predicting the onset and propagation of brittle
fracture in shale is important to evaluate the mechanical behavior of shale. Shales are strongly anisotropic
and heterogeneous, and fracture initiation and propagation in shale depend on the interaction between
anisotropic mechanical properties and in situ stress conditions [Chandler et al., 2016]. In particular, the
compositional and structural features of very fine sedimentary rocks may significantly affect brittle fracture
behaviors of shale. To be specific, the presence of platy clay minerals and compliant organic materials in shale
significantly influences the spatial microheterogeneity in the layered system [Amadei, 1996; Heath et al., 2012;
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Loucks et al., 2012; Hart et al., 2013]. In addition, the anisotropy of shale is often attributed to many factors
including sedimentary bedding layers, irregular features, and mineralogical orientation [e.g., Kaarsberg,
1959; Cholach and Schmitt, 2006; Sondergeld and Rai, 2011; Ong et al., 2016]. Lamination with defects or gaps
may also lead to a more complex crack path, affecting the measured effective strength and toughness of the
shale formation. Clays and organics are weak components of shale that create weak links between stronger
components (e.g., cements along grains). To represent the mechanical properties of a strongly layered sedi-
mentary system, a two-constituent composite consisting of the soft (e.g., clays and organics) and stiff (e.g.,
quartz and calcite) components can be conceptually used as a surrogate system for shale [Vernik and Nur,
1992; Vernik and Liu, 1997; Sone and Zoback, 2013a, 2013b].
For layered composite materials, the effective medium approach has been employed to represent the het-
erogeneous layered material as a macroscopic effective medium [Gray et al., 2009; Lenoir et al., 2010; Sun
et al., 2011a, 2011b, 2013]. For example, Backus [1962] presents a method producing the effective constants
for a finely layered medium composed of either isotropic or anisotropic elastic layers [e.g., Berryman, 1998].
While the isotropic simplification in the effective medium approach might be acceptable for materials with
very weak anisotropy, this method is ineffective for interpreting the material properties with strongly pre-
ferred orientations. Recent work by Hossain et al. [2014] shows that the spatial distribution of the constituents
with different elastic properties can significantly impact effective fracture toughness, even when the tough-
ness of each constituent is similar or identical. In addition to the anisotropy that originates frommineralogical
bedding layers, the fact that spatial distribution of constituents can affect shale’s behavior prompted us to
analyze how the elastic anisotropy alters the brittle fracture of shale.
Experimentally, crack growth inside a shale specimen is strongly influenced by the loading angle with respect
to the bedding planes, the distribution of micropores, and the defects of the layered structures [Tavallali and
Vervoort, 2010a, 2013; Simpson, 2013; Chandler et al., 2016]. The onset and propagation of cracks in shale are
predominated by the Mode I fracture with different amount of shear depending on the microheterogeneity
and anisotropy of the bedding layers [Chong et al., 1984]. The Brazilian test, a simple indirect method of deter-
mining the tensile strength and effective fracture toughness of brittle materials, has been used for over
70 years [e.g., Fairhurst, 1964; International Society of Rock Mechanics, 1978; Guo et al., 1993]. Several experi-
mental works have justified the practical use of the Brazilian test by demonstrating that a majority of rocks
undergo a tensile failure in the biaxial condition (i.e., negligible intermediate principal stress) with the com-
pressive stress less than three times the tensile stress. Popular for its simplicity and ease of setup, the Brazilian
test, as a valid tensile testing method, has been debated. For example, Fairhurst [1964] evaluated the validity
of the Brazilian test for rocks and rock-like materials by generalizing the Griffith failure criterion of the brittle
materials. It was concluded that the fracture may not start from the disc center in the case of small angles of
disc loading on the materials, invalidating the Brazilian tension test. Perras and Diederichs [2014] also state
that invalid Brazilian tests can occur in sedimentary specimen due to the fabric plane and the effect of load-
ing platen. Comprehensive review of experimental, analytical, and numerical studies of the Brazilian test has
been reported [e.g., Andreev, 1991a, 1991b; Li and Wong, 2013; Perras and Diederichs, 2014].
Despite the debate the Brazilian test coupled with a digital imaging and acoustic emission measurement is
very useful for analyzing the influence of material heterogeneity on crack initiation and propagation [e.g.,
Simpson, 2013; Mighani et al., 2014; Wang et al., 2016; Mighani et al., 2016]. Furthermore, recent experiments
have been performed to account for the effect of the anisotropy or layered system of rocks on tensile
strength and crack patterns [e.g., Tavallali and Vervoort, 2010a, 2013; Dan et al., 2013; Vervoort et al., 2014].
Most recently, Chandler et al. [2016] conducted the Brazilian test together with a modified short-rod test
and wave velocity measurements to obtain the tensile strengths, fracture toughness, and directional fracture
propagations in the strongly laminated Mancos Shale (i.e., horizontally oriented bedding). They demon-
strated that fracture toughness is much higher when the crack plane is perpendicular rather than parallel
to the bedding.
In addition to experimental characterizations, analytical or numerical studies for the Brazilian test may also
provide an essential tool to predict brittle behavior of materials. For homogeneous, isotropic, and linearly
elastic materials, Hondros [1959] derived a complete stress solution when the load is distributed over finite
arcs with diametral compression. The Hondros’s method was extended by Pinto [1979] to determine elastic
constants of anisotropic materials. However, this method applied only to specimens with known principal
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directions. For the transversely isotropic material in a circular disc, Exadaktylos and Kaklis [2001] derived an
explicit solution of stress and strain domain. In addition, a combination of analytical and experimental meth-
ods was presented to determine the tensile strength of transversely isotropic rocks by the Brazilian test [e.g.,
Chen et al., 1998]. For the anisotropic rock, Claesson and Bohloli [2002] derived and used the analytical solu-
tions to determine tensile strength using intrinsic parameters such as elastic modulus for transversely isotro-
pic material. Although these analytical methods may contribute to our understanding of stress and strain
distribution during the Brazilian test, analytical methods cannot fully account for heterogeneous material
properties and both crack initiation and propagation processes.
Therefore, to overcome analytical limitations, numerical methods have been used to simulate the stress dis-
tribution and/or crack initiation and propagation of (transversely) isotropic rocks for the Brazilian test (see Li
and Wong [2013] for a brief review). For example, these numerical efforts include the displacement continuity
for investigating the influence of the loading contact on the initiation and propagation of fractures [e.g.,
Malan et al., 1994], the boundary element method for evaluating the effect of the initiated cracks on stress
distribution within isotropic rock samples [e.g., Lanaro et al., 2009], the finite element method for 3-D stress
analysis to show size/shape effects under the Brazilian test [e.g., Yu et al., 2006], and for analyzing failure pro-
cess of heterogeneous isotropic rocks under static/dynamic loading [e.g., Zhu and Tang, 2006]. Recently, the
numerical methods have been extended to utilize the extended finite element method for simulating crack
propagation in the cracked Brazilian disc [e.g., Eftekhari et al., 2015], the discrete element method for the
mechanical behavior of transversely isotropic rocks using embedded smooth joints (e.g., Park and Min
[2015] in 2-D and Park et al. [2016] in 3-D), and the hybrid finite element method-discrete element method
for analyzing the influence of microscale heterogeneity and microcracks on the brittle fractures [e.g.,
Mahabadi, 2012] and for modeling the transition from continuum to discontinuum during fracturing process
[e.g., An et al., 2016]. Overall, conventional finite element method often requires complicated algorithms to
capture arbitrary crack propagation, branching, and coalescence. Meanwhile, the discrete mechanics often
requires breakage of bonds to represent fracture. However, the discrete fracture approaches need sharp
interfaces with complex evolving topologies and explicit heuristics to numerically replicate the propagation
and interaction of rocks.
One promising approach to overcome these numerical issues is to use an implicit function to represent
cracks. In particular, phase field fracture model allows treating a crack in a continuum media as a diffusive
region with a given characteristic length, instead of an embedded discontinuity. The phase field evolution
can be therefore captured in finite element model with a continuous displacement field. By incorporating
the generalized brittle fracture theory into a variational framework [Griffith, 1921], the onset, propagation,
and coalescence of fracture in a deforming brittle material can be simulated via solving a multifield initial
boundary value problem with solid displacement (u) and the phase field (φ) as the unknowns in the spatial
domain [e.g., Miehe et al., 2010a; Heister et al., 2015]. Both solid displacement field and phase field are the
explicit function of position within the body Ω. A variety of phase field models has been applied for many
engineering applications in quasi-static and dynamic regimes [Bourdin et al., 2008; Miehe et al., 2010a;
Hofacker and Miehe, 2012, 2013], ductile or brittle fractures [Ambati et al., 2015; Verhoosel and Borst,
2013], anisotropic surface energy fracture [Li et al., 2015], and fluid-filled fracture [Wick et al., 2015]. The
phase field approach numerically replicates the Brazilian test effectively because it does not require the
crack path to be predetermined or straight, and it can handle crack coalescence and branching
relatively easily.
The overall objective of this work is to evaluate the effects of material anisotropy and spatially heteroge-
neous features of Mancos Shale on the fracture patterns and the macroscopic toughness via the Brazilian
test and phase-field modeling. By using digital image correlation (DIC) to capture the displacement of shale
specimens in the Brazilian test, we first obtained experimental results to analyze how the orientation of
layers affects the peak loading and the fracture patterns of Mancos Shale specimens. Following the experi-
mental results, we performed a comprehensive series of two-dimensional numerical simulations using an
adaptive phase field finite element model for brittle fracture [cf. Heister et al., 2015]. In these numerical tests,
we assume that shale comprises layers of stiff and soft materials and that the critical energy release rate Gc
of both layers is identical. We further idealize the shale specimen as a simply layered composite, in which
the microheterogeneity within each layer is neglected. By conducting simulations with the numerical speci-
men of different orientations, thickness, volume fractions, and continuities of stiff and soft layers, we analyze
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how these structural attributes affect the onset, propagation, and coalescence of the cracks, and ultimately
the effective bulk and crack energies of the idealized materials and their implications for real experiments.
In the following sections, we briefly describe theMancos Shale used in this study (section 2.1) before detailing
the experimental procedure, numerical model, and simulation scenarios (section 2). We report and compare
both experimental and simulation results, highlighting key findings (section 3). Finally, we summarize the key
findings and provide potential future works (section 4).
2. Materials and Methods
2.1. Mancos Shale
The Mancos Shale Formation, deposited along the steep margin of the Western Interior Seaway during most
of the Cretaceous [Kauffman et al., 1984], has several members such as dark gray (and black) calcareous and
noncalcareous shales and interbedded sandstones. It has various thicknesses in the San Juan Basin [Landis
et al., 1973; Ridgley et al., 2013] and the Uinta and Piceance Basins [Hettinger and Kirschbaum, 2002]. The
Cretaceous Mancos Shale consists of a variety of lithofacies (i.e., rocks deposited in a distinct depositional
environment) and relatively thin sandier layers contained in the sealing source muds, which was considered
to be a regional seal [Shipton et al., 2004]. Relatively thin sandier layers contained in the sealing source muds
and extensive fracture networks have historically been the targets for resource development in these rocks.
The Mancos Shale has moderate to low total organic carbon (TOC) (less than 2% in shelf marine system tracts
and 2–5% in transgressive systems tracts). This formation is commonly thought to be a source rock with oil
and gas potential within Cretaceous Interior Seaway basins [Pasley et al., 1991]. In this work, Mancos Shale
samples for testing were taken from a large block with a low TOC (∼40 cm in diameter and 13 cm in thickness,
<1% TOC) that has been used for characterizing microlithofacies with a wide range of structural, mineralogi-
cal, mechanical, and compositional heterogeneities [Yoon et al., 2015; Grigg, 2016].
2.2. Brazilian Tests
Four cores of Mancos Shale consisting of two samples cored parallel to horizontal bedding and two samples
cored perpendicular to the bedding were used for the Brazilian test. The cores have a size of ~26 mm in dia-
meter and ~13 mm in thickness. The specimens were prepared and tested following the standard method
[American Society for Testing and Materials (ASTM), 2008]. The tests were performed on a 100 kN load frame
equipped with a 10 kN load cell, and displacements were measured with a ±1.27 cm platen mounted extens-
ometer. The specimens were compressed on the edge between a pair of the flat and parallel platens as seen
in Figure 1. A single thickness of masking tape wrapped the specimen to reduce the stress concentration at
the loading points as well as to contain the specimen after failure. Maintaining the specimen relatively intact
helps confirm the fracture pattern and analyze the thin sections.
Tests were performed at a rate of 2 × 106 mm/s, except for one specimen (bedding inclined at 45° to the
loading direction) which was tested at 1.2 × 105 mm/s. All core samples were maintained in a chamber at
a constant relative humidity (RH) of 70% for at least 2 weeks before testing. This setting allowed samples
to stabilize at a realistic semidrained state. The core samples were painted prior to testing with flat black spray
paint (Rust-Oleum Painters Touch), then speckled with white spray paint (Figure 1), to perform digital image
correlation (DIC) during testing. To calculate the apparent tensile strength (σt) from the Brazilian test, the for-
mula provided in ASTM [2008] was used:
σt ¼ 2PπDt (1)
where P is the load (N), D is the sample diameter (mm), and t is the sample thickness (mm). It should be noted
that this equation only applies to the case where the tensile fracture originates at the center of the sample and
propagates toward the loading platen [e.g., Perras and Diederichs, 2014]. In our experiments (section 3.1),
however, the fracture appeared to initiate near the loading area, which would invalidate the applicability
of the equation (1) to measure the tensile strength. Due to this discrepancy, the tensile strength estimated
using the equation (1) is hereinafter referred to as the apparent tensile strength for the purpose of compar-
ison with the experimental results in the literature.
Two samples cored perpendicular to bedding (samples A and B) were loaded with the orientation parallel to
the bedding plane, while two samples cored parallel to bedding (samples C and D) were loaded at 45° and
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90° to the bedding plane, respectively. After testing, three thin sections were prepared to analyze the fracture
patterns. For samples A and B, the thin sections were taken across the bedding plane instead of along the
loading direction because the thin section along the loading direction would show only relatively
homogeneous layered features. Here we reported the thin sections only for samples C and D which
corresponded to DIC imaging results.
2.3. Digital Image Correlation
Digital image correlation (DIC) is a noncontact optical vision measurement technique. Full field measure-
ments are obtained by applying a unique, nonrepeating pattern to the surface to be measured. A series of
images is then captured via digital cameras. By comparing images to a reference image and utilization of
subpixel interpolation algorithms, displacement smaller than a pixel can be resolved. The process results in
a displacement field of the imaged surface in question (in two or three dimensions depending on the
system). From the displacement field, a strain field can be calculated. The interested reader can explore
the details of digital image correlation theory and applications in Sutton et al. [2000] and Nguyen et al. [2011].
In this work, a commercial software program called VIC3D-7®, produced by Correlated Solutions, was utilized
to determine the strain field of the shale specimens. Images were captured by a pair of Point Grey Research
Grasshopper 5.0 megapixel monochromatic cameras. The cameras were equipped with a pair of Edmund
Optics 35 mm machine vision lenses with a 5 mm extension tube. Images were collected with Correlated
Solutions VICSnap® software at a rate of 4 frames per second. Subsequently, the image data were processed
after completion of the testing with the VIC3D-7® software. The test duration was approximately 4 min, which
is in the middle of the target time for the Brazilian test [ASTM, 2008]. This procedure resulted in the capture of
approximately 1000 images during the test. Although the frame rate was too slow to capture real-time crack
growth and propagation, the frame rate employed here was sufficient to provide the evolution of failure in
terms of the displacement.
The thinnest possible coat of black paint was applied first to provide a uniform background; then flat white
was sputtered over the surface of the core sample. Testing was performed within 1 h of painting to ensure
that the paint had the maximum possible ductility to track the specimen without cracking or flaking [Reu,
2015]. In general, the strength of the paint and its effect on the mechanical properties of a specimen are
negligible. However, Simpson [2013] experimentally demonstrated with Mancos Shale that specimens with
painted surface influenced the tensile strength, compared to air-dry specimens, which attributed to the
change of the internal stress with the painting as suggested by Knudsen et al. [2007]. Although the painting
may influence the local stress distribution on the surface, samples prepared in the constant RH condition
and thin painting layers (<500 μm) in this work should minimize the impact of painting on the
mechanical properties.
In order to correlate the images with the load-displacement data from the load frame, scaled outputs of load
and displacement were collected by VICSnap® each time it took an image. This allows for plotting of
processed images coupled with a stress-strain curve shown later in the paper. During processing of the
Figure 1. (a) Brazilian test setup for Mancos Shale. Note that a single thickness of masking tape is wrapped to reduce the stress concentration at the loading point. (b)
Shale sample painted with black spray and speckled with white spray to perform digital image correlation and (c) unpainted side of the sample.
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DIC data, subsets and step sizes were optimized to minimize noncorrelated points and maximize the
resolution of the DIC data (a subset of 61 pixels, with a step size of 9 pixels). Data were processed with an
optimized eight-tap interpolation filter with a zero-normalized squared differences criterion, and subsets of
data were weighted with a Gaussian function. Image resolution was ~0.02 mm per pixel, and DIC
resolution was ~0.2 pixel (4 μm).
2.4. Phase Field Model for Evolving Cracks
In this work, a phase field fracture model based on the generalized Griffith’s theory is adopted to simulate the
crack initiation and propagation for brittle materials [e.g., Kuhn and Müller, 2010; Borden et al., 2012; Hofacker
and Miehe, 2012; Verhoosel and Borst, 2013; Schlüter et al., 2014; Heister et al., 2015]. Since the phase field frac-
ture model employs an implicit function instead of strong discontinuities to represent cracks, it does not
require complicated numerical treatments such as generation of enrichment functions [Dolbow et al.,
2000], dynamic insertion of cohesive elements [Zhang and Paulino, 2005], or modification of the mesh
[Mota et al., 2008]. This approach treats the interfacial zone (i.e., cracks) as a diffusive transition zone repre-
sented by a phase field, which takes on values between zero and one, corresponding to fully broken and
intact states, respectively. The phase field is incrementally updated by solving governing equations that mini-
mize a free energy functional composed of the bulk strain energy and the fracture energy via the variational
principle [Moelans et al., 2008].
Figure 2 shows a schematic diagram of a crack represented by the phase field. The phase field is a spatial
function that indicates the degree of damage of the material. As such, the crack and intact regions are the
locations with the phase field value equal to zero and one, respectively. In the transition zone where the
phase field value is 0 < φ < 1, the material is considered partially damaged such that a portion of stiffness
and loading capacity persist. In the phase field approach, the characteristic length scale (l) is used to control
the diffusive crack. For example, the sharp crack can be represented when l approaches to zero [Miehe et al.,
2010a]. Neglecting the body force and inertia term, the potential energy functional (Π) that gives the govern-
ing equation reads
Π u;φð Þ ¼ ∫Ω 12 1 κð Þφ
2 þ κ σþ uð Þ
: ε uð ÞdV þ ∫Ω 12 σ





dV  ∫∂Ω t∙u½ dS; (2)
and the first variation gives the Euler-Lagrange equations:
D δuð ÞΠ u;φð Þ ¼ ∫Ω 12 1 κð Þφ
2 þ κ σþ uð Þ : ε δuð ÞdV þ ∫Ω 12 σ uð Þ : ε δuð Þ½ dV  ∫∂Ω t∙u½ dS; (3)
as well as,
D δφð ÞΠ u;φð Þ ¼ ∫Ω 1 κð Þφð Þσþ uð Þ : ε uð Þ½  δ φdV  ∫ΩGc 1l 1 φð Þδφ
 
dV þ ∫ΩGc l∇φ∙∇ δφð Þð ÞdV ; (4)
Figure 2. Sharp and diffusive crack topology. Γ indicates the sharp crack surface embedded into the solid Ω, Γl (φ)
represents the regularized crack surface as a function of the crack phase field (φ), and l stands for the characteristic
length scale (reproduced from Miehe et al. [2010a]).
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where u is the displacement, φ is the phase field variable, κ is a positive regularization parameter for the
elastic energy with κ ≪ 1 [Miehe et al., 2010a; Borden et al., 2012; Heister et al., 2015], σ is the stress tensor which
is decomposed into tensile (σ+) and compression (σ) parts for correct modeling of shear forces under com-
pression following Miehe et al. [2010b], ε is the infinitesimal strain tensor defined as ε=1/2(∇u+∇Tu), Gc
stands for the critical energy release rate that is related to fracture toughness [e.g., Anderson, 2005; Jaeger
et al., 2009; Chandler et al., 2016], and t indicates the traction force on the boundary. The hydro-mechanical
coupling effect is not considered in this study. Hence, the finite element model only updates displacements
of solid and crack phase field at each incremental step.
In equation (2), the first two terms are the elastic strain energy corresponding to tension and compression
modes, respectively. The sum of two terms gives the total elastic strain energy over the domain (i.e., the bulk
energy EB). The third term represents the crack surface energy (i.e., EC) that is approximated by the volume
integration of diffusive crack phase field. The last term is the work done by the external traction. The bulk
energy indicates the macroscopic strain energy over the model domain of which the peak value is related
to the effective crack toughness [cf. Hossain et al., 2014]. EB dissipates as crack initiates and propagates. EC
identifies the onset and behavior of cracks, which compensates the dissipation of bulk energy. In this work,
we compare the calculated bulk and crack energies (EB and EC) to analyze the crack initiation and coalescence
under various configurations of the model domain (section 3.2). Furthermore, a predictor-corrector scheme
for local mesh adaptivity-mesh refinement around the cracks is used to improve the accuracy and computa-
tional cost [Heister et al., 2015].
The implementation of the numerical model leverages the open source finite element library, deal.II
[Bangerth et al., 2007, 2013] interfaced with p4est mesh handling library [Burstedde et al., 2011], and
Trilinos project—a growing collection of mathematical software libraries for solving a large-scale, complex
multiphysics engineering and scientific problems [Heroux and Willenbring, 2012; Salinger et al., 2013].
Recently, deal.II has been adopted as a finite element library for geomechanics applications to resolve solid
deformation and fluid diffusion coupling problems [White and Borja, 2008, 2011] as well as different porome-
chanics problems including pressurized fracture propagation [e.g., Heister et al., 2015; Choo and Borja, 2015;
Choo et al., 2016; Na and Sun, 2017]. In this study, we slightly modify the phase field model published in
Heister et al. [2015] by introducing the spatial heterogeneity and anisotropy. Note that the theory, implemen-
tation, and verification of the phase field model are not the focus of this paper. Interested readers can refer to
a vast amount of literature on the phase field method [e.g.,Miehe et al., 2010a; Kuhn and Müller, 2010; Borden
et al., 2012; Verhoosel and Borst, 2013; Hofacker and Miehe, 2013; Heister et al., 2015]. The detailed numerical
scheme andmonolithic formulation of Euler-Lagrange PDE system to resolve elasticity and phase field can be
found from Heister et al. [2015]. In addition, the detailed description of the mesh adaptivity is provided and
the code base is shared through an open-source repository (https://github.com/tjhei/cracks).
For numerical simulations of the Brazilian test in this work a number of assumptions are employed as
followings:
1. Within each layer, the elastic response is isotropic (except Cases 6 and 7).
2. Within each layer, the material is homogeneous.
3. The materials for each constituent are in the purely brittle regime, and hence, ductility is not considered.
4. The small-scale yielding condition is valid.
5. The loading of the Brazilian test is idealized as a prescribed displacement over a fixed contact area.
6. The contact area between the specimen and the test device is frictionless.
As a result, the modeling setup does not reflect the valid Brazilian test conditions in heterogeneous materials.
Nonetheless, with proper interpretation of simulation results the phase field modeling employed in this work
can provide insightful results for parametric studies.
2.5. Numerical Simulations
A comprehensive series of numerical simulations has been performed to analyze how spatial heterogeneity
and anisotropy of elasticity affect the effective toughness and crack propagation of materials under the
Brazilian test conditions. A two-dimensional circular domain with a diameter of 26.0 mm is used with a linear
elastic model as shown in Figure 3. The displacement boundary condition is applied at the top and bottom
parts of the numerical domain, and the contact area (or the arc length S in 2-D) has 5° of the central angle (θ)
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to replicate the experimental setup. The vertical displacements of the contact area between the loading
frame and the specimen are prescribed incrementally to compress the specimen (Figure 3).
As mentioned previously in section 2.4, we assume that the contact between the loading frame and the
specimen is frictionless and is always remained the same. This is a simplification of the real experiment in
which the contact area may change and sliding may occur. Furthermore, the assumption that the contact
is always intact also makes the simulations easier to exhibit sharp displacement gradient at the edge of
the loading area. This concentration of strain may in return lead to higher strain energy density near the edge
of the loading area. Hence, the onset of crack may be more likely to initiate near the edge of the disc in
numerical simulations. This limitation can be presumably overcome by using frictional contact models.
Such an improvement is outside the scope of the current study. It is also noted that the contact area between
the specimen and the loading platen has a significant influence on the Brazilian test and its validity [Fairhurst,
1964; Li andWong, 2013; Perras and Diederichs, 2014]. A small contact areamay cause the stress concentration
around the loading platen, which may lead the crack to initiate at a point away from the center of the speci-
men [cf. Andreev, 1991a].
The phase field model requires sufficiently fine meshes relative to the length-scale parameter to achieve
numerical convergence. In this work, the adaptive mesh refinement algorithm in Heister et al. [2015] is used.
In each incremental loading step, the trial displacement and phase field are first sought by solving the equa-
tions (3) and (4). If the phase field value of any finite element reaches the threshold (=0.3 in this work), then
the finite element is refined (Figure 3). If any mesh refinement is triggered, the solver must be rerun to reach
the new equilibrium (equations (3) and (4)) for the modified mesh. This process is repeated until there is no
need for further refinement. In this study, each finite element may at most be refined once during the simu-
lation. It should be noted that the refinement of the mesh may occur multiple times during numerical simu-




A number of simulations are performed in a homogeneous domain, which is composed of linear elastic, iso-
tropic material. The cases in the homogeneous domain serve as the verification benchmarks of model imple-
mentation. First, the stress distribution calculated from the homogeneous domain is compared against the
analytical solution [Hondros, 1959]. Then, we evaluate the sensitivity of material parameters. The reference
values of the main parameters are provided in Table 1. Among four examined parameters, the linear elastic
response is characterized by Young’s modulus (E) and Poisson’s ratio (ν). It is assumed that the surface area
created by fracturing requires a supply of energy equal to or greater than the critical energy release rate
(Gc) based on Griffith’s theory [Anderson, 2005]. As described in section 2.4, the characteristic length (l)
Figure 3. Numerical setup for the Brazilian test. (a) The initial mesh (8880 elements), the radius (R = 13 mm), and the central angle (θ = 5°) by the arc length (S) over
which the boundary condition P is distributed radially. (b and c) The progressive mesh refinement with crack propagation. The meshes in Figures 3b and 3c
correspond to Figures 6a2 and 6a3, respectively.
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inserted in the phase field model is used to regularize the governing equations. Note that l can be
qualitatively interpreted as a means to control the thickness of the damage localization zones and affect
the critical stress at which crack nucleation occurs [Miehe et al., 2010b; Borden et al., 2012].
We perform multiple simulations with Young’s modulus (E) varying from 10.0 to 80.0 GPa and Poisson’s ratio
(ν) from 0.1 to 0.3 to assess the effect of these key material parameters on the global constitutive responses
(see Appendix A). This sensitivity analysis is intended to identify the influence of elastic properties on the
behavior of an ideal isotropic material under the Brazilian test condition. These values are chosen based
on the representative shale materials with various compositions in the literature [e.g., Sone and Zoback,
2013a, 2013b]. In addition, simulations with different critical energy release rates are conducted (Gc ranging
from 0.01 to 0.10 N/mm based on the measurement in Chandler et al. [2016]), and the effect of characteristic
length (l) are tested as well.
2.6.2. Layered Domain With Isotropic Properties (Cases 1–5)
The layered system with two isotropic stiff and soft materials is used to evaluate the impact of elastic material
properties and the orientation of multiple layers on crack propagation and macroscopic effective fracture
toughness. The simulation scenarios are presented in Table 2. Three different cases (Cases 1–3) in the layered
domain are employed to account for different volume fractions of the stiff and soft layers. For all three cases
the effect of layer orientation on crack patterns is evaluated under three different bedding orientations (90°,
45°, and 0°) with respect to the loading direction, which follows the experimental setup. Note that the volume
fraction of Case 1 approximately represents the average of stiff and soft volumes in Mancos Shale used in
the experiment.
Shale is composed of layers of intrinsically anisotropic materials. Hence, a more comprehensive modeling
effort may require the identifications of principal directions and the corresponding elastic moduli of each
layer [Backus, 1962]. For simplicity, we follow the isotropy assumption used in Sone and Zoback [2013a,
2013b] and assume that shale consists of two constituents (i.e., stiff and soft layers) with elastically isotropic
property in a simplified layered domain (only Young’s modulus is different for stiff and soft components). This
simplification is partially justified by the observations on shale composed of relatively weak (e.g., clay and
organics) and strong (e.g., quartz, calcite, and feldspar) materials as in Sone and Zoback [2013a, 2013b].
Nevertheless, as shown in the numerical examples, the isotropy assumption may also lead to a
nonnegligible discrepancy.
Table 1. Reference Input Parameters of Homogeneous Numerical Model for Material Sensitivity Test
Parameter Description Value Unit
E Young’s modulus 20.0 GPa
ν Poisson’s ratio 0.20 –
Gc Critical energy release rate 0.01 N/mm
l Characteristic length 0.20 mm
Table 2. Descriptions for Different Numerical Scenarios (Seven Cases)a
Numerical
Scenarios
Volume Fraction Effective Elastic Modulus
Stiff Layer Soft Layer Reuss (El) Voigt (Eu)
Case 1 62.6% 37.4% 13.21 GPa 45.91 GPa
Case 2 75.0% 25.0% 18.06 GPa 53.90 GPa
Case 3 40.5% 59.5% 8.62 GPa 31.56 GPa
Case 4 Reduced layer thickness from Case 1 with the volume fraction
Case 5 Inclusions of defects into stiff layers from Case 4
Case 6 Homogenization of the layered system based on Case 1
Case 7 Layered system with anisotropy in soft layer based on Cases 1 and 4
aFor Cases 1 to 5, both stiff and soft layers are assumed to be isotropic with Young’s moduli of 70.0 GPa and 5.6 GPa,
respectively (same Poisson’s ratio 0.20); Reuss and Voigt bounds are based on the assumptions of uniform stress and
strain in the composite, respectively [Lama and Vutukuri, 1978]. For Case 6, the transversely isotropic effective medium
is obtained via homogenization based on the layered system with two constituents (see section 2.6.3); for Case 7, the
layered system with isotropic stiff and transversely isotropic soft layers are used (Table 3). For all cases, the fixed
numerical values of Gc and l are used (Table 1).
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For Mancos Shale samples used in the experiment of this study, major components of the stiff layer are quartz
and calcite, and the rest are predominantly clay minerals with low total organic content (<1.0 wt %) [Grigg,
2016]. Based on the literature [e.g., Sone and Zoback, 2013a, 2013b], the elastic moduli of stiff and soft layers
are set to 70.0 and 5.6 GPa, respectively. The Poisson’s ratio of both layers is assumed to be 0.2 [e.g., Kumar
et al., 2012a, 2012b; Gercek, 2007]. The critical energy release rate and characteristic length in the phase field
reported in Table 1 are used for both layers. The effective lower (El—Reuss bound) and upper (Eu—Voigt
bound) bounds of two-constituent system are also estimated based on the volume fraction of the two
constituents [e.g., Lama and Vutukuri, 1978].
We perform additional numerical simulations to account for spatial elastic heterogeneity in a simple way.
First, Case 4 increases the number of layers by reducing the thickness of each layer, but the volume fraction
of stiff and soft layers is consistent with Case 1 (Table 2). In Case 5 the simple defect patterns on the stiff layers
are introduced, while the layer thickness condition is the same as in Case 4 (Figure 14).
In the layeredmodel, the vertical thickness of laminated layers ranges from 1.0 mm to 4.5 mm in the diameter
of 26 mm based on the petrographical analysis of Mancos Shale samples [Grigg, 2016]. The thin laminations
often exhibit parallel layering or bedding at the submillimeter to centimeter scales, and irregular and com-
plex layerings are observed at submillimeter scale due to various depositional environments and diagenesis
[Blatt et al., 2006; Grigg, 2016]. Complex microstructural attributes may occur due to the overprinting of
cementation and diagenesis during the burial of the sediments and postburial structural deformation (i.e.,
fracturing) of the rocks.
2.6.3. Homogenization and the Layered System With Anisotropy in Soft Layer (Cases 6–7)
A multiscale-based understanding of heterogeneous geomaterials such as shale formations is fundamental
to quantifying the scale dependence of mechanical behaviors in geomaterials. However, applying our basic
findings to the real world has been hampered by a lack of understanding of the connection between micro-
scopic parameters andmacroscopic properties. For Case 6, we obtain the homogenized transversely isotropic
effective medium and investigate the simulated fracture patterns compared to the specimen with the
layered system composed of two isotropic materials (Table 2). The transversely isotropic model properties
are determined based on the layered isotropic materials’ properties in Case 1. By assuming that the effective
medium exhibits the same Gc and l as reported in Table 1, we employ the equation (5) to obtain the 2-D plane
strain elasticity tensor of the effective medium based on the layer-averaging method introduced in













































Here the stress, strain, and elasticity tensors are presented using the Voigt convention for the transversely iso-
tropic material description whose symmetry axis is in x2 direction (y axis or vertical direction) [Berryman,
1998]. Parameters of a, c, f, and d are obtained using the Lamé constants λ and μ, while h·i stands for weighted
average using the volume fraction of two layers [Berryman, 1998]. Note again that we adopt the volume
fraction of stiff (62.6%) and soft (37.4%) layers from Case 1 for homogenization. The homogenized properties
may not be consistent with the elastic anisotropy of the real shale. This study, however, may provide an
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understanding of microscopic (homogenized domain) and macroscopic (explicitly layered domain)
information in numerical consideration. The elasticity tensor for different layer orientations is generated
using the transformation matrix in 2-D [cf. Li et al., 2015].
Finally, we assign a transversely isotropic model to the soft layer instead of the isotropic soft material (Case 7).
As in the two-constituent composite models (Cases 1 and 4), we preserve the isotropic model for the stiff
layer. This scenario is to consider the anisotropy of soft constituent based on its components. The elastic
properties of shale are known to be strongly anisotropic, and the amount of clay and organic content, as well
as the shale fabric, is closely related to the degree of anisotropy [e.g., Sone and Zoback, 2013a]. Furthermore,
the platy clay minerals as the soft component often exhibit a preferred orientation. By adopting the transver-
sely isotropic model for the soft layer, we evaluate the influence of anisotropy in the soft layer on the crack
propagation and effective toughness of the two-composite model.
In Case 7, the previous isotropic material parameters for stiff layers are used (Table 3); Young’s
modulus = 70.0 GPa and Poisson’s ratio = 0.2. For the soft layers, the transverse isotropic model is adopted,
in which the plane of isotropy is assumed to be aligned with the bedding (or the orientation of layers). The
material properties are determined based on the fact that intact transverse isotropic rocks are typically stiffer
in the plane of isotropy than in the direction of symmetric axis [Jaeger et al., 2009]. We presume that the rota-
tional axis of symmetry is parallel to the x3 axis, and x1-x2 coordinate system planes are bedding planes. We
then set the material parameters as Young’s modulus (E1 = 5.6 GPa) and Poisson’s ratio (ν12 = 0.3) in the plane
of isotropy (i.e., along the bedding) and E3 = 2.8 GPa and ν13 = 0.15 in the normal to the isotropic plane (i.e.,
perpendicular to the bedding). We adopt E1 from the isotropic model for soft layers used in Case 1. G13
denoted by the shear modulus along the perpendicular direction of the isotropic plane is assumed to
1.7 GPa [cf. Amadei, 1996; Debasis and Kumar, 2016; Ong et al., 2016]. The material parameters for stiff (isotro-
pic) and soft (transverse isotropic) layers are summarized in Table 3.
The numerical results are subsequently analyzed including crack initiation, propagation, and fracture pattern.
Besides, macroscopic parameters such as the macroscopic bulk and crack energies (EB and EC) are computed
to compare the effective fracture toughness. It should be noted that microstructural and compositional
heterogeneity at micron and submicron scales will influence the crack initiation and propagations signifi-
cantly, which is not considered in this work. Instead, our numerical model of the layered system is extremely
simplified to idealize the strongly layered bedding configuration with two constituents. A further study is
required to quantify the effect of the microheterogeneity.
3. Results and Discussion
3.1. Experimental Results
The axial stress and vertical displacement for all four samples are shown in Figure 4. The distributions of hor-
izontal tensile strain (εxx) for samples A–D computed from DIC of the Brazilian disk with the thin-section
images of samples C and D after the testing are shown in Figure 5. As described earlier, the loading and dis-
placement were applied simultaneously with image acquisition, and the corresponding strength points of
each strain distribution are also presented. For all testings the apparent tensile strengths (σt) computed using
equation (1) are obtained: σt (4.55 MPa) at 90° was higher than 2.57 MPa at 45° and lower than 4.72–6.50 MPa
at 0° (bedding parallel to the loading direction). Although these results do not provide a conclusive result of
the impact of bedding angle on the apparent tensile strength due to a small number of samples, our σt values
at 0° (4.72–6.50 MPa) are within the range of 5.8 ± 0.6 MPa [Chandler et al., 2016] and 6.4 ± 2.3 MPa [Kennedy,
2011]. It should be noted that ASTM [2008] standard is based on the assumption that the crack initiates at the
Table 3. Material Properties for Stiff (Isotropic) and Soft (Transverse Isotropic) Layersa
– Stiff Layer Soft Layer
Properties E = 70.0 GPa E1 = 5.6 GPa, ν12 = 0.3
ν = 0.2 E3 = 2.8 GPa, ν13 = 0.15
G13 = 1.7 GPa
aNotation: the rotational axis of symmetry is parallel to the x3 axis, and x1-x2 coordinate system planes are identical [cf.
Ong et al., 2016].
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Figure 4. Experimental results. Axial stress and vertical displacement obtained from the Brazilian tests. Schematics
illustrate the loading angle with respect to the bedding orientation of samples.
Figure 5. The distribution of horizontal strain (εxx—positive in tension) computed from DIC with the thin-section image of
the Brazilian disk after testing for samples C and D. The pink colored epoxy in thin section (e) indicates the severely broken
part (see high resolution images of thin section and crack propagation at the end of testing on the painted sample in
Figures S1 and S2).
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center of the specimen. Although DIC was not fast enough to capture the exact locations of actual crack initia-
tion, the change of strain distribution over time indicates that the cracks apparently did not initiate at the
center of the specimen in our experiments. As a result, the apparent tensile strength estimated using equa-
tion (1) should be interpreted with caution. Furthermore, σt across the bedding plane (90°) was higher than at
0° in the Brazilian test of multiple Mancos Shale specimens [e.g., Simpson, 2013;Mokhtari, 2015; Chandler et al.,
2016]. The different tendency is likely due to the compositional heterogeneity of samples used in this work as
well as sample preparation. In particular, Chandler et al. [2016] reported that σt values at 90° (the bedding per-
pendicular to the loading direction) had much higher scattering than other directions, which was attributed
to the anisotropic material strength causing the fracture to deflect into the weaker bedding plane direction.
As shown in Figure 5 (sample D), the thin-section image illustrates the deflection of fracture near the top load-
ing contact area, which may account for the lower σt across the bedding plane (90°). Another contributing
factor is the discrepancy on the compositional heterogeneity. Petrographical analysis of the thin-section
based on a slight modification of textural classification of mudstones from Folk [1980] and Lazar et al.
[2015] shows that sample A is predominantly cored in the sandy coarse mudstone consisting of more than
two-thirds course/mediummud (62.5 to 8 μm) and 10 to 50% sand grains (2000 to 62.5 μm). Meanwhile, sam-
ple B is cored in the sandy coarse mudstone and mediummudstone (less than 10% sand grains and between
one third and two thirds of coarse/mediummudwith finemud grains (<8 μm) for the rest), whereas sample C
in the medium mudstone, and sample D in the medium mudstone and sandy medium mudstone [Grigg,
2016]. Based on the macrolithofacies description, samples A and B are stronger than the others with sample
C as the weakest. Hence, σt values measured in this work were also significantly influenced by composition
rather than the bedding angle with similar lamination structure. This result will be further analyzed in numer-
ical simulation results.
The tensile strain distribution based on the DIC reveals the fracture patterns (i.e., crack initiation and propa-
gation) over the course of the Brazilian test (Figure 5). First, samples A and B were loaded with bedding par-
allel to the loading direction; hence, these cases can be considered to be a sum of multiple homogeneous
layers along the loading direction. For 2-D case, the Hondros’ [1959] solution indicates that the tensile stress
in themiddle part along the loading direction is relatively constant and the compressive stress increases from
the center to both loading points. As a result, cracks initiate from the center when the tensile stress over-
comes the tensile strength. However, Yu et al. [2006] revealed that the tensile stress distribution on the sur-
face of a 3-D disk is different from that in the middle of the disk. More recently, Li and Wong [2013]
numerically demonstrate that the maximum tensile stress and strain are located at ∼10% of the disk diameter
away from the loading points on the 3-D surface, while the maximum tensile stress is located in the middle
and the maximum tensile strain is located near the loading points. Figure 5 reveals that the tensile strain for
samples A and B occurred near the loading points at first, propagated into the central portion, and coalesced
along the loading direction. In addition, the DIC results reveal that the tensile strain was locally concentrated
in the central region along the loading direction. These local concentrations of the tensile strain are likely due
to heterogeneous material properties (e.g., high clay regions) and possibly existing flaws and cracks.
For sample C oriented at 45°, the tensile strain first accumulated near the contact area, then the crack started
to propagate along the clay-rich microlithofacies (e.g., brownish color in a thin section) adjacent to the stiff
sandymicrolithofacies (e.g., bright color in a thin section) as shown in Figure 5 at the third row. This fracturing
along weakness planes has been described as layer activation [Tavallali and Vervoort, 2010b] or Mode II frac-
ture [Mighani et al., 2016]. As a result, the tensile strain field was much larger at 45° than at 0°. The thin section
clearly shows the sliding along the clay-rich layers (in dark pink) and high damage zone (in very light pink). A
vertical crack propagated through the weak materials on the left from the loading plane, which coalesced
into the sliding crack. As a result, the apparent tensile strength was lower than other cases. For sample D
at 90°, the tensile strain occurred near the loading points at first. However, two distinct cracks were initiated
and propagated in the middle along the loading direction, while the tensile strain also grew at an inclined
angle from the bottom. Eventually, all cracks coalesced in the middle. Due to crack growth from both ends,
there are two main cracks in the upper region of the thin section.
The thin section (Figure 5e for samples C and D and Figures S1–S2 in the supporting information for high-
resolution images) shows that the anisotropic heterogeneity with the inclined layers and varying thickness
strongly affects the nature and patterns of crack initiation and propagation. In sample C, for example, the
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crack initiation starts from the top loading point and follows along the inclined layers due to their orienta-
tions. Starting from the bottom part, another crack propagates through the center of the domain and devel-
ops the main crack. We note that the pink epoxy of the thin section indicates the severely broken state
around the top loading platen. The heterogeneity of the specimens is due to sedimentation and diagenesis
processes as evidenced by the presence of bioturbation, possible ripple marks, and soft sediment deforma-
tion [Grigg, 2016]. In addition to the experimental results of this study, the tendency of fracture patterns due
to anisotropic feature (e.g., layered system) can also be found from the reference [e.g., Simpson, 2013;Mighani
et al., 2014; Wang et al., 2016; Mighani et al., 2016]. The impact of flaws as well as layer orientations on the
direction of crack propagation will be investigated in the numerical simulation.
3.2. Simulation Results and Discussion
3.2.1. Homogeneous Domain
All simulation results in the homogeneous domain are provided in Appendix A. The comparison of tensile
and compressive stress distributions between numerical and analytical results is shown along the vertical
central line (i.e., the loading direction) in Figure A1. The simulated elastic responses show good agreement
with the analytical solutions by Hondros [1959]. As discussed previously, the small contact area in this simula-
tion (θ = 5.0°) leads to stress concentration near the loading contact areas [cf., Fairhurst, 1964; Andreev, 1991a].
The loading condition results in crack initiation near the loading platen instead of in the center of the disk
specimen. The effect of the contact area between the loading platen and the specimen on the crack initiation
and propagation is shown in Figure A2. Recall how the contact area is related to the loading angle (θ) in
Figure 3. This study demonstrates that the crack initiates near the loading area when θ = 5.0°. Our preliminary
results of the boundary condition with θ = 5.0° tend to match the experimental observation better than with
θ = 17.5° in the layered domain. Hence, we decided to use θ = 5.0° for the rest of simulations in this work.
Interested readers can refer to recent review works [Li and Wong, 2013; Perras and Diederichs, 2014] on the
location of crack initiation during the Brazilian test and the effects of the boundary loading condition.
The stress-axial displacement relationships for four model parameters (Table 1) are shown in Figure A3. The
range of each parameter for sensitivity analysis is provided in Table A1. In summary, Young’s modulus signifi-
cantly affects the stress-axial displacement relationship as expected, while Poisson’s ratio (0.1 to 0.3) shows
minor impact. The critical energy release rate (Gc) is highly related to the strength of the material. Since Gc
represents the crack resistance or fracture toughness, a lower Gc value results in fast failure at a lower stress.
The characteristic length scale (l) affects the mechanical strength under the Brazilian test as discussed in
Miehe et al. [2010b] and Borden et al. [2012].
3.2.2. Case 1: Influence of Layer Orientations on Crack Propagation
The fracture patterns obtained from the specimens of different layer orientations (90°, 45°, and 0° with respect
to the vertical loading direction) are shown in Figure 6. For visualization purposes, the phase field values of 0.0
to 0.3 were chosen. Crack propagations are depicted over the layers (stiff layer with blue; soft layer with gray).
The phase field zero represents the fully cracked region (the color red in the figure). For the horizontal layers
Figures 6(A1) to 6(A4), the cracks initiate from the top and bottom parts where the loading contacts are
located. The crack, starting at the lower central region in Figure 6(A1), propagates both upward anddownward
and eventually develops into themain fracture combinedwith other cracks. For the inclined layers (Figure 6(B1)
to 6(B4)), themain crack initiates from the top andpropagates along the soft layer. Another crack initiated from
the bottom moves upward, which can be compared to the experimental observation (Sample C in Figure 5).
For the vertical layer (Figures 6(C1) to 6(C4)), themain crack develops vertically in the stiff layer, and additional
crack openings are created along the interface of the two layers. These cracks, combined with the existing
cracks, build the main crack following the vertical line. Overall, the simulation results in Case 1 indicate that
the distribution of elastic layers against the loading direction significantly influences fracture patterns.
Figure 7 shows the stress distributions using horizontal and shear components obtained from each numerical
element. Note that since the global coordinates are horizontal (x) and vertical (y) axes [e.g., Erarslan and
Williams, 2012; Li and Wong, 2013; Dan and Konietzky, 2014; Tan et al., 2015], the maximum tensile stress is
not exactly aligned to the horizontal direction. The phase field values of 0.0 to 0.1 are used to reflect the
damaged zone (white spaces) that includes both crack and severely broken parts. For the horizontal layer
(Figures 7(A1) to 7(A2)), the horizontal stress in tension is concentrated around the crack tips within the stiff
layer (i.e., local stress concentration) before the crack propagates. More stress concentration tends to occur at
the interface of the two layers, where the layers are inclined (Figures 7(B1) to 7(B2)) or vertically aligned
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Figure 6. Sequence of crack propagation in Case 1 (stiff: 62.6%; soft: 37.4%) for each orientation of layers: (a) horizontal
layer, (b) inclined layer, and (c) vertical layer. The range of phase field from 0.0 to 0.3 is selected for visualization purpose
to highlight fracture over the layered domain. Young’s moduli of stiff and soft layers are 70.0 and 5.6 GPa, respectively.
Figure 7. Stress distribution in the specimens composed of layers of different orientations in Case 1 (stiff: 62.6%; soft:
37.4%). The left and right two figures indicate the normal stress along x direction and the shear stress distribution,
respectively. The stress ranges from 30 MPa to30 MPa for visualization purpose. The damaged zone is represented using
the phase field values of 0 to 0.1 to indicate cracked region (white spaces), which includes both crack and severely broken
part due to material heterogeneity as seen in the experimental thin section (Figure 5).
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(Figures 7(C1) and 7(C2)) layers. While the predominant mode appears to be a tensile fracture, the shear stress
concentration is mostly observed around the loading points with partial cracks. As a result, the shear
component shows a limited effect on crack growing processes [e.g., Hobbs, 1964; Li and Wong, 2013].
Finally, bulk and crack energies (EB and EC; see section 2.4) are used to investigate effective fracture toughness
in the layered system (Figure 8). First, the highest bulk energy is required for the horizontal layer with the
orientation of 90°. As shown in Figure 8, the horizontal layer (90°) demands more displacement to reach
the maximum bulk energy compared to the inclined (45°) and vertical (0°) layer conditions. These results indi-
cate how the orientation of layers influences the effective fracture toughness. The role of the soft component
in the horizontal bedding condition is barely observable since the main crack propagates through both stiff
and soft layers (Figure 6). In the inclined and vertical bedding orientations, however, the soft layers play a sig-
nificant role as the preferred pathway for crack growth. The crack energy profile in Figure 8 further indicates
that more displacement occurs for the horizontal layer case during the early stage of loading, compared to
the other layer orientations. This is evident in Figure 6 that multiple cracks are developed for the horizontal
layer case, whereas the major cracks are developed with the small displacement for the inclined and vertical
layer orientations.
3.2.3. Cases 2 and 3: Influence of Volume Fraction of Layers on Crack Energy
The different volume fractions of stiff and soft constituents (Cases 2 and 3) were adopted to evaluate how the
composition variations of the layered system influence the crack patterns and the effective fracture tough-
ness (Figures 9–11). Table 2 presents the effective Young’s moduli of Cases 1–3 for comparison. The overall
crack propagation patterns for the horizontal and inclined layers in Case 2 (higher fraction of the soft layer)
have similar patterns to those in Case 1 (Figures 9(A1) to 9(A4) and 6(A1) to 6(A4)). As the layer thickness
changes, the locally damaged patterns in the bottom soft layers are slightly different, but the impact on
the fracture behavior appears to be minor. Along the inclined layers, the main crack in Case 2 propagates
within the soft layer just as it does in Case 1. For the vertical layer (Figures 9(C1) to 9(C4)) in Case 2, the inde-
pendent crack is initiated in the soft layer in addition to two other cracks propagated from the loading points.
One possible reason, besides the change of layer thickness, could be due to the asymmetric distribution of
the two layers, which may have a significant impact on the stress distributions. The similar fracture behavior
in Cases 1 and 2 is further identified from the bulk energies in Figure 11.
The specimens composed of horizontal and vertical layers in Case 3 (higher fraction of the soft layer) exhibit
similar crack patterns to those in Case 1. However, for the inclined layer in Case 3 (Figures 10(B1) to 10(B4)),
the multiple crack branches coalesce and form the main crack that propagates through the central region.
Conversely, the main crack is contained within the soft layer in Cases 1 and 2. This result indicates that even
under the same bedding orientation, the crack initiation and propagation can be influenced by the volume
fractions of different materials. To some extent, the phase field method naturally captures the various crack
patterns from different configurations of the layered system.
Finally, we compare the bulk energies of Cases 1–3 with different layer orientations in Figure 11. Regardless of
the volume fraction changes, the maximum bulk energies are obtained when the layers are aligned
Figure 8. Comparison of (a) bulk and (b) crack energies for different orientation of layers in Case 1 (stiff: 62.6%; soft: 37.4%).
The relevant crack patterns and stress distributions can be found in Figures 6 and 7.
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perpendicular to the loading direction (horizontal layer). When we change the volume fraction by fixing the
orientation, the maximum bulk energies of each case show little difference. Overall, this comparison reveals
that the volume fraction of stiff layers from 40.5% to 75.0% has little impact on the maximum crack
propagation energy when the explicit orientation of layers exists. Within the given range of volume
fraction, therefore, the variation of layer orientations is more influential on the effective fracture toughness
than the change of material compositions.
3.2.4. Case 4: Influence of Layer Thickness on Fracture Patterns
The thickness of each layer is reduced by increasing the number of layers to maintain the same volume frac-
tion of stiff and soft layers. This treatment is applied to Case 4 based on Case 1 as a reference (see Table 2 for
the case description). A comparison of crack patterns between Cases 1 and 4 for all orientations (Figures 6(A1)
to 6(A4) and 12(A1) to 12(A4)) shows that the layer thickness and geometrical configurations of stiff and soft
layers significantly affect crack propagation patterns. In the horizontal layer, for example, the direction of the
main crack propagation in Case 4 is reversed from upward (i.e., bottom to top) to downward compared to
Case 1. This indicates that the direction of crack propagations (i.e., upward or downward) is shifted due to
the reduced layer thickness, though the same volume fractions of stiff and soft constituents are preserved.
The change of layer thickness alters the location and arrangement of stiff and soft layers against the loading
points, which contributes to the spatial elastic heterogeneity in the specimen.
For the inclined layer (45°), the main crack in the upper region moves to the outer boundary of the domain
within a very narrow soft layer. The onset of the crack around the bottom part, however, is hardly initiated,
which shows that the location and thickness of the soft and stiff layers against the loading contacts alter
the crack propagation significantly. For the vertical layer (0°), the crack vertically propagates through the
soft layer, as the increasing number of layers leads one of the soft layers to be located around the center-
line. These results are further analyzed through the comparison of bulk energy. The role of weak materials
such as defects on the fracture patterns and the effective fracture toughness is further explored in
section 3.2.5.
Figure 9. Sequence of crack propagation in Case 2 (stiff: 75.0%; soft: 25.0%) for each orientation of layers: (a) horizontal
layer, (b) inclined layer, and (c) vertical layer. The range of phase field from 0.0 to 0.3 is selected for visualization purpose
to highlight fracture patterns over the layered domain. Young’s moduli of stiff and soft layers are 70.0 and 5.6 GPa,
respectively.
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The bulk energies of Cases 1 and 4 are presented in Figure 13. Compared to the horizontal layer condition, the
bulk energies from inclined and vertical bedding conditions are significantly diminished in Case 4. As seen in
Figure 12, the main cracks in the inclined and vertical layers initiate and propagate along the soft layer due to
the geometrical changes of layers against the loading contacts. This results in reducing the effective fracture
toughness or the material strength. Note that the effective fracture toughness is closely related to the max-
imum macroscopic energy release rate, which can be expressed by the bulk energy of the whole domain of
heterogeneousmaterial [Hossain et al., 2014]. The analysis of Case 4 indicates that the layer thickness changes
of the layered material highly affect the effective fracture toughness under the Brazilian test condition.
3.2.5. Case 5: Influence of Elastic Heterogeneity on Macroscopic Crack Propagation
The effect of mesoscale heterogeneity, such as defects in the layered system, is investigated in Case 5 by
introducing discontinuity into the stiff layers. Two different patterns in Figure 14 are designed based on
Case 4 with horizontal layers. We embedded the soft layer in each stiff layer by replacing 1 mm thick of
Figure 10. Sequence of crack propagation in Case 3 (stiff: 40.5%; soft: 59.5%) for each orientation of layers: (a) horizontal
layer, (b) inclined layer, and (c) vertical layer. The range of phase field from 0.0 to 0.3 is selected for visualization purpose
to highlight fracture patterns over the layered domain. Young’s moduli of stiff and soft layers are 70.0 and 5.6 GPa,
respectively.
Figure 11. Comparison of bulk energies with different volume fractions (Case 1 (stiff: 62.6%; soft: 37.4%), Case 2 (stiff:
75.0%; soft: 25.0%), and Case 3 (stiff: 40.5%; soft: 59.5%)) in three different orientations with respect to the loading direc-
tion. (a) 90°, (b) 45°, and (c) 0°.
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the stiff layer with the soft constituent. Following the vertical centerline, the gaps are misaligned by 2 and
4mm for Patterns 1 and 2, respectively. The simulation results show that the mesoscale heterogeneity affects
the crack propagation [cf. Hossain et al., 2014] significantly. Without the discontinuity (Figure 12), the major
crack develops vertically through the central region when the layers are horizontal (90°). For Pattern 1, multi-
ple cracks simultaneously initiate around each discontinuity and coalesce to a major crack that meanders
through the soft layers. For Pattern 2, the cracks do not follow the soft layer only. Instead, the cracks not only
break through the stiff layers but branch and merge while propagating. In addition, the maximum bulk
energy in Pattern 2 is higher than in other cases, even though the volume fraction of the stiff component
is decreased and multiple defects in the stiff layer exist (Figure 15). This clearly demonstrates that elastic het-
erogeneity strongly influences effective fracture toughness and the crack path. With respect to the
Figure 12. Sequence of crack propagation in Case 4 for each orientation of layers: (a) horizontal layer, (b) inclined layer, and
(c) vertical layer). Case 4 has the same volume fraction of each constituent as Case 1 but has a thinner layer thickness. The
range of phase field from 0.0 to 0.3 is selected for visualization purpose to highlight fracture patterns over the layered
domain. Young’s moduli of stiff and soft layers are 70.0 and 5.6 GPa, respectively.
Figure 13. Comparison of bulk energies with different bedding orientations for (a) Case 1 and (b) Case 4. Case 4 has the
same volume fraction of each constituent as Case 1 but has a thinner layer thickness. Layer configurations are shown in
Figures 6 and 12.
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composition of layers, this example further shows the important role of soft layers in the fracture behavior (cf.
section 3.2.4).
As observed in simulations and experimental results, the material heterogeneity (e.g., high clay regions) and
existing flaws can strongly influence the onset and propagation of cracks. Lanaro et al. [2009] demonstrates
that the stress induced by the existing cracks during the Brazilian test was much higher at the bridges
between the cracks than that of direct tensile tests. More recently, Li and Wong [2013] derived a simple critical
extension strain criterion for crack initiation and propagation on the Brazilian disk surface based on Stacey’s
[1981] assumption (i.e., ideal linear deformation behavior), in which the intermediate principal stress was
neglected. According to the formula in Li and Wong [2013], the required tensile stress for the soft component
of Mancos Shale (e.g., Young’s modulus = 10–20MPa and Poisson’s ratio = 0.2–0.3) is less than 1MPa, which is
much lower than the apparent tensile strength of Mancos Shale. The development of the tensile stress field in
experimental samples A and B may be attributed to the distribution of weak materials (e.g., clay) and possibly
existing cracks.
3.2.6. Case 6: Implications for Upscaling the Effective Properties of Heterogeneous Geomaterials
In this section, the transversely isotropic effective medium is obtained by the homogenization procedure
[Berryman, 1998] based on the layered system of Case 1. The crack propagation patterns (Figure 16) reveal
that the spatial homogenization procedure, if only applied to the elasticity material parameters, may lead to
much simpler crack patterns than those from the layered isotropic materials. Interestingly, the transversely
isotropic model for the inclined layer shows a slightly tilted crack topology around the center of the
domain. This is geometrically much simpler than the experimental (Figure 5) and simulated (Figure 6)
fracture patterns.
Figure 14. Crack propagation patterns under the existing defects in stiff layers (Case 5). The range of phase field from 0.0 to
0.3 is selected for visualization purpose. The width of defect in the stiff layer is 2 mm. Patterns (a) 1 and (b) 2 have the defect
misaligned from the centerline of the domain by 2 and 4 mm, respectively. Young’s moduli of stiff and soft layers are 70.0
and 5.6 GPa, respectively.
Figure 15. Comparison of bulk and crack energies for the effect of spatial heterogeneity in elastic features. The relevant
configurations are corresponding to Figure 6 (Case 1—Original), Figure 12 (Case 1), Figure 12 (Case 4), and Figure 14
(Case 5 with Patterns 1 and 2).
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The homogenization may filter out mesoscopic information; hence, the crack paths in the effective medium
tend to be less tortuous. As a result, the smaller surface area created by the fracture process yields the
reduced tortuous crack paths with a diminished amount of energy dissipation. Therefore, the effective med-
ium may appear much tougher than the heterogeneous counterpart, as it has lost all the fast pathways that
allow cracks to develop at low energy costs. Figure 17a shows that the maximum bulk energies obtained
from the effective media are much higher than those observed in the three orientation layers of Case 1
(Figure 8a). Consequently, the homogenization procedure is likely to overestimate the effective fracture
toughness. The fracture patterns and the resultant energy dissipation of the heterogeneous materials with
mesoscopic features (e.g., layers and defects), as well as the transversely isotropic effective medium gener-
ated from the homogenization procedure are profoundly different.
3.2.7. Case 7: Effect of Anisotropy of Soft Layer on Crack Propagation
We idealize the soft layer as a linear elastic transverse isotropic material, in which the rotational axis of sym-
metry is perpendicular to the bedding or thin lamination (Case 7). The material properties used in the simula-
tions are listed in Table 3. Note that this simplified setting is not sufficient to replicate the complex
microstructural attributes of the real shale specimen. Nevertheless, this parametric study may provide insight
on how anisotropy of individual layers affects the macroscopic responses. In this study, six numerical simula-
tions are conductedwith three different layer orientations and two types of layer thickness (as in Cases 1 and 4).
The simulation results are shown in Figures 18a–18c and 18d–18f, which correspond to Figures 6(A4), 6(B4),
and 6(C4), and 12(A4), 12(B4), and 12(C4), respectively. For the horizontal and inclined layers, the major cracks
in Case 7 tend to be less developed in the anisotropic soft layer, compared to Cases 1 and 4. For the vertical
layer, the crack propagations in Case 7 show very similar patterns to those in Cases 1 and 4. This may indicate
Figure 16. Crack patterns in the transverse isotropic effective medium (Case 6) for different orientations. The φ indicates the phase field for diffusive crack topology.
The crack patterns can be compared to the explicit layer conditions (with the same volume fraction) in Figures 6 (Case 1) and 12 (Case 4).
Figure 17. Comparison of bulk and crack energies (Case 6 with transversely isotropic effective medium conditions). Crack
patterns of Case 6 are shown in Figure 16. The bulk energies can be compared to the explicit layer conditions (with the
same volume fraction) in Figure 13 (Cases 1 and 4).
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that fracture intersection with bedding layers is strongly related to the anisotropic properties in this particular
configuration. Note that the elastic property in the soft layer is weaker perpendicular than parallel to the
bedding. The phase field distribution shows that cracks are not fully developed across the soft layer when
the loading direction is not aligned to the bedding direction. Due to the higher Young’s modulus (E1) along
the bedding plane, the tensional crack is limited to propagate though the bedding layer. Instead, the damage
zone becomes wider at the interface of the bedding. On the other hand, the crack easily propagates along the
bedding direction for the vertical layer (Figures 18c and 18f).
The bulk energies in Case 7 are further compared with Cases 1 and 4 in Figure 19. Interestingly, the
maximum bulk energy increases with increasing the angle between the bedding and loading directions
Figure 18. Crack propagation patterns (Case 7) with isotropic stiff and anisotropic soft layers for three different layer orien-
tations. (a–c) Thicker layers and (d–f) thinner layers. Elastic properties of stiff and soft layers are in Table 3. The range of
phase field from 0.0 to 0.3 is selected for visualization purpose. The crack patterns with isotropic stiff and soft layers are
shown in Figures 6 and 12.
Figure 19. Comparison of bulk energies for different layer thicknesses (Case 7). (a) Case 7 with the layer thickness of Case 1
and (b) Case 7 with the layer thickness of Case 4. For Case 7 the stiff and soft layers are isotropic and transverse isotropic
materials, respectively. The solid and dashed lines correspond to Cases 7 and 1 (or 4), respectively.
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for both Cases 1 and 7. As seen in the phase field distribution in Figure 18, failures also occur at a higher
prescribed displacement in the order of the horizontal, inclined, and vertical layers. In other words, the spe-
cimen tends to undertake slightly more loading and deformation before the onset of brittle fracture. For
Case 7 the elastic anisotropy of the soft layers, combined with the isotropic stiff layers, appears to be more
influential when the bedding orientation is not aligned to the loading direction. In addition, the effective
fracture toughness for the horizontal and inclined layers is higher in Case 7 than in Cases 1 and 4.
Whether this conclusion can be further generalized to other sets of material parameters is unclear.
Nevertheless, this comparison provides quantitative evidence of the potential impact of the mesoscale
material property on the macroscopic behavior of shales such as fracture termination and propagation at
bedding interfaces.
4. Summary and Conclusions
This study presents four experimental Brazilian tests with Mancos Shale specimens, as well as a series of
comprehensive numerical studies motivated from the Brazilian test with a simple layered material. The
initiation and propagation of cracks in four Mancos Shale specimens were estimated based on the strain dis-
tribution captured by digital image correlation. These observational results reveal that the local heterogene-
ity and the laminations against the loading direction significantly influence the characterization of crack
patterns. Based on the experimental observations, numerical simulations using the phase field model are
conducted to evaluate the brittle fracture processes under the various Brazilian test conditions. In particular,
the laminated and intrinsically anisotropic shale is idealized as a two-constitutive composite consisting of
stiff and soft bedding layers. In the series of numerical simulations, the phase field approach for fracture
is proved to be efficient in simulating crack initiations and coalescence without additional criteria except
for the inherent energy functional formulation. This robustness effectively captures multiple cracks under
the spatially varying elastic heterogeneity. Our numerical simulations reveal that even under the assumption
that two constituents exhibit the same fracture toughness, the macroscopic effective toughness is highly
sensitive to the elasticity of the components and the geometrical features of the bedding.
Depending on the volume fraction, the orientation of the bedding concerning the loading direction, the
geometrical attributes, and the thickness of the bedding layers, cracks may initiate, grow, and coalesce in
many different ways. Phase field simulations using the highly idealized two-constituent systems may
provide insights to account for the broad spectrum of fracture toughness of shales observed from the
Brazilian test in the literature. By systematically varying the bedding orientation, the volume fractions of
the constituents, the layer thickness, and the length of the bedding, our simulation results suggest that
within the range of the material parameters used in this study, the orientations of layers with respect to
the loading direction has a more significant impact on the effective fracture toughness than the volume
fractions of the two constituents. The elastic material properties of layers, the spatial heterogeneity of
defects, and the anisotropy of the bedding layers may all play a role in altering the fracture patterns,
therefore affecting the effective fracture toughness under the idealized conditions during the Brazilian test.
Simulation results also suggest that a proper incorporation of additional material information, such as
bedding layer thickness and other geometrical attributes of the microstructures, may yield improvements
on the numerical predictions of the mesoscale fracture pattern and hence the macroscopic
effective toughness.
By using multiscale experimental techniques to extract microstructural information and material properties
of shale, one may be able to predict the exact location of each constituent in the shale to further improve
the numerical simulations. It should be noted that the numerical simulations conducted in this study are
based on a highly idealized setting for the Brazilian test. In a more realistic setting, compositional heteroge-
neity, texture and mineralogical orientations, and mechanical anisotropy need to be included properly.
Furthermore, the hydro-mechanical coupling and nonlinear responses such as plasticity and creeping need
to be considered in future research. For engineering applications such as geological CO2 storage and hydrau-
lic fracturing, a more comprehensive consideration of environmental factors, including thermal expansion of
constituents, reactive transport in the void space, and the mechanical and chemical fluid-rocks interactions,
must be taken into account for predicting fracture behaviors. These factors are out of the scope of this study
but will be examined in future study.
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Appendix A: Material Parameter Sensitivity in a Homogenized Effective Medium
This section presents the sensitivity analysis of the constitutive responses of the isotropic effective medium
withmaterial properties. The objectives of the sensitivity analysis using the isotropic material are to (1) ensure
that our numerical code is correctly implemented to match the analytical solutions in the benchmark pro-
blem with a linear isotropic elastic material and (2) demonstrate that the mechanical responses from the
Brazilian test simulations are consistent with expected behaviors when material parameters are varied in
the idealized isotropic case. The isotropic effective medium is assumed to exhibit the following mechanical
properties: Young’s modulus is set at 20.0 GPa, and Poisson’s ratio is set at 0.2. A cylinder domain with a radius
(R) of 13.0 mm is discretized to represent the specimen in the Brazilian test experiment setup.
Figure A1. (a) Normalized tensile and (b) compressive stress distributions in a circular domain in the Brazilian test obtained
from analytical solution and numerical simulation.
Figure A2. Comparison of crack propagations with different angular distributions of loading (i.e., loading angle) in the
homogeneous domain (see Figure 3 for the schematic of angular distribution of loading). (a–c) Loading angle of 5.0°
and (d–f) loading angle of 17.5°. The range of phase field from 0.0 to 0.3 is selected for visualization purpose to highlight
fracture patterns over the domain.
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First, we validate the numerical model by checking whether the normalized stress distribution is consistent
with the analytical solution from Hondros [1959]. The analytical solution is obtained by assuming that the
material is homogeneous, isotropic, and linearly elastic. The stress distribution along the vertical central axis
of a thin disc-shaped specimen is obtained, under which a uniform traction is applied on the top of the speci-
men with an equal and opposite reaction traction at the bottom [Hondros, 1959]. In Figure A1, the stress is
normalized by dividing P/πRt, in which P is the applied load and t is the unit thickness for two-dimensional
condition. The tensile and compressive stress distributions along the central axis from the numerical simula-
tion show good agreement with the analytical results.
In addition, we evaluate the influence of the loading contact area on the crack pattern. In the ASTM standard
Brazilian test, the tensile strength of the specimen is estimated based on the assumptions that (1) the crack
initiates from the central part of the disc, (2) the specimen is assumed homogeneous and isotropic, and (3)
the constitutive response of the specimen is linearly elastic until the crack begins to propagate [e.g.,
Hondros, 1959; Fairhurst, 1964]. The crack, however, may initiate away from the center depending on the
loading boundary condition, which may induce stress concentration around the contact area [cf. Andreev,
1991a]. Figure A2 shows the crack patterns generated from two loading cases where the two central angles
(θ is defined in Figure 3) are 5.0° and 17.5°. The comparison demonstrates that the crack initiates near the
Figure A3. Stress-axial displacement results for sensitivity analysis of (a) Young’s modulus, (b) Poisson’s ratio, (c) critical
energy release rate, and (d) characteristic length scale (cf. Table A1).
Table A1. Parameter Values for Sensitivity Analysis
Parameter Description Values Unit
E Young’s modulus 10.0, 20.0, 40.0, 80.0 GPa
ν Poisson’s ratio 0.1, 0.2, 0.3 –
Gc Critical energy release rate 0.01, 0.05, 0.10 N/mm
l Characteristic length 0.17, 0.20, 0.30 mm
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loading contact area when θ is 5° but initiates near the center of the specimen when the contact area is larger
(θ = 17.5°). This result indicates that the location of crack initiation depends strongly on the contact area
between the specimen and the loading platen, and the types of boundary conditions applied on the
specimen. This finding is consistent with Hudson et al. [1972] and the follow-up discussion by Datta [1973].
Their research revealed that the location of crack initiation is influenced by the type of loading applied on
the platen and that stress concentration may lead to cracks initiating under the contact area.
Finally, we evaluate the sensitivity of selected material properties by changing the input values for numerical
simulation. The ranges of input values of numerical model are presented in Table A1, and simulation results
are shown in Figure A3. Note that Young’s modulus (E) and Poisson’s ratio (ν) define the elastic properties of
isotropic homogeneous materials while the critical energy release rate (Gc) is the material’s resistance to frac-
ture. Furthermore, different characteristic length scales (l) were selected to evaluate the influence of the reg-
ularization parameter on the simulation result.
As stated, Gc indicates the crack resistance, which is related to fracture toughness. This physical parameter
implies that the higher the critical energy release rate, the more energy is required for crack propagation.
This trend can be identified from the area below the stress-displacement curve in Figure A3c. In addition,
how the characteristic length scale (l) influences the strength of homogeneous materials is analyzed. In the
phase field model, the crack is not represented by strong discontinuity but by an implicit function. A diffusive
crack may turn into sharp topology when the length scale l approaches to 0. The numerical simulations show
that the smaller value of l leads the higher strain energy and tensile stress to trigger the crack, as previously
reported in Miehe et al. [2010a].
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